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1. Introduction

Nowadays, several approaches exist to model the marine
ecosystem in the research of climate change (see e.g. Oschlies and
Gargon, 1999; Moore et al., 2002; Gregg et al., 2003; Fasham et al.,
2006). To determine whether a model is suitable for a given task or
not, data assimilation techniques are frequently applied. Thereby,
the model parameters are tuned or optimized to the effect that the
model outcome fits observational data that represents the system
to be simulated (see e.g. Fennel et al., 2001; Schartau and Oschlies,
2003; Riickelt et al., 2010; Kidston et al., 2011). One drawback of
this method however is obvious. The model to data misfit may be
reduced by such methods, but nothing is gained about the mod-
els general behaviour. The question, whether the model actually
depicts the dynamics of the system considered is not addressed
this way.

In this study, a theoretical approach is presented to reveal the
basic dynamics of a model to ensure its legitimate application.
Model dynamics are determined by its mathematical framework.
In marine ecosystem modelling, such a framework is usually given
by a system of coupled ordinary or partial differential equa-
tions which describe the temporal development of the modelled
components (Fennel et al., 2004). As the mathematical theory of
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differential equations, especially the theory of ordinary differential
equations (ODEs), is well-established, this theory can be used for
a theoretical investigation of the dynamics of marine ecosystem
models.

Here, the proposed method is presented for NPZD type mod-
els. Simulating the concentration of the four major components
of marine ecosystems nutrients (N), phytoplankton (P), zooplank-
ton (Z) and detritus (D), NPZD type models belong to the marine
ecosystem models of medium complexity. They are frequently used
in climate research because the consideration of these four vari-
ables has the benefit that, on the one hand, a certain amount of
realism is ensured, on the other hand, the number of parameters
included, thus, the degrees of freedom in the model, has a manage-
able size. The actual complexity of the model, of course, depends
on its explicit mathematical formulation.

To study the effect of small variations on the model dynamics,
three hierarchically structured model formulations, introduced in
our previous study Heinle and Slawig (2013), are analyzed, where
the difference between the single formulations is in their individ-
ual representation of phytoplankton and zooplankton loss. While
in our earlier study the equilibria of the model formulations are
introduced and the effect of diverse amounts of nitrogen in the
system is discussed, in this study, the effect of parameter variations
is examined. Critical parameters and parameter constellations are
exposed whose knowledge allows the controlled application of the
model and helps to interpret the respective results.

In the following section, the three model formulations analyzed
in this study are shortly introduced and in Section 3, the results
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achieved by our proposed theoretical analysis are given. Firstly,
the equilibria of the ODE systems introduced in Heinle and Slawig
(2013) are shortly regiven as well as some stability statements are
noted. Then, a classfication of the solutions stability dependent
on crucial parameter constellations, deduced from our theoretical
analysis, is presented for the simplest model formulation, model
LLM. In Section 4, the analytic results are expanded by numerical
calculations. For all three models, the effect of parameter variations
is figured out. Comperative calculations are performed to highlight
differences and similarities of the individual model formulations.
A summary and conclusions complete the study in Sections 5 and
6.

2. Models

In this study, the dynamical effect of parameter variations is
investigated for three NPZD type model formulations introduced in
Heinle and Slawig (2013). All three models, model LLM, LQM and
QQM, simulate the concentrations of nutrients (N), phytoplankton
(P), zooplankton (Z) and detritus (D) in (mmol N m~3), but they dif-
fer in the representation of phytoplankton loss and zooplankton
loss.

The governing equations for model LLM and model LQM are
given by the ODE system

N
ot

%?;MMD—¢mPfG6&PV

?T? = ¢pP +((1 - B)G(€, 8, P) + ¢3Z)Z — ymD,

where we refer to model LLM in case ¢} = 0. The system of gover-
ning equations for model QQM is given by

= —J(N,I)P + ¢pzZ + ymD

(2.1)

?T[;I =(=J(N, D)+ ¢p)P + ¢zZ + ymD

% = U(N71)7¢P 7¢FP)P*G(€,g,P)Z

88; (2.2)
5= (BG(€,8,P)— ¢z —d3Z)Z

00 _ 3% 1 (1~ pIGLe 8. P) + 9322 — ymD.

It can be seen that Eqs. (2.1) and (2.2) coincide except the repre-
sentation of phytoplankton loss and zooplankton loss. Model LLM
considers only linear loss of both variables. Model LQM includes an
additional quadratic loss term of zooplankton and model QQM has
linear and quadratic loss terms of both variables. In both systems
of equations the functions J and G describe the growth of phyto-
plankton and the grazing of zooplankton, respectively, which are
defined as

I
JND= b N T
and

gep?
Gle.g.p) = .
(€,8,p) 1 ep?

The parameters included in the ODE systems and functions above
are defined and explained in Table 1. For further details, especially
on the functions J and G, we refer to Heinle and Slawig (2013).

3. Analytical calculations

In this chapter, the analytic results of our work are shown. For
completeness, the parameter and initial value dependent equilib-
rium solutions of the three models, introduced in Heinle and Slawig
(2013), are shortly regiven. Then, stability statements of these solu-
tions are presented, which are based on a linearization approach,
and crucial parameter and initial value constellations are figured
out.

3.1. Equilibrium solutions

The reasonable, meaning non-negative and real-valued, equilib-
rium solutions found for model LLM, LQM and QQM are shortly
regiven in the following. Thereby, the concentrations of the four
state variables are summarized in the vector y=(N, P, Z, D) and
the sum of the four positive initial values yy is summarized in the
variable S = > yg. When speaking about the parameters included
in the governing equations (Egs. (2.1) and (2.2), respectively), we
refer to u € R™, where m is the number of parameters included in
the respective system of equations. When a specific parameter is
addressed, its symbol in accordance with Table 1 is noted.

3.1.1. Model LLM and LQM
Each model has three reasonable equilibrium solutions. For
model LLM and LQM the first and second equilibria are

Efim, = Elqu, = (N*(5),0,0,0) (3.1)
and
kb ¢r )
Ef =Ef =—F,P5(S,u),0, —P5(S,u 3.2
e, = Eiow, = (0 gy P35 0.0, 2255, (32)
with
S — kep/(tem — ¢p)
Py(S,u)= ————~——"-. 33
0= T )+ 1 63
For model LLM, the third equilibrium is given by
Efim, = (N3(S, u), P3(u), Z5(S, u), D5(S, u)) (34)
with
$z8
Pi(u)=\| =" 3.5
SU0=\ e - a) G5
and for model LQM
Toms = (N3(S, u), P3(S, u), Z5(S, u), D(S, u)) . (3.6)

The explicit state expressions of N3(S, u), Z3(S, u) and D4(S, u)
of solution E;,, are given in the Appendix due to their complexity.

LM
The ones of Ef, are not any more given.

LQM;

3.1.2. Model QQM

For model QQM, there are also three reasonable equilibrium
solutions. The first one equals the one of the other two models (see
Eq. (3.1)), the second equilibrium is given by

Son, = (N*(S, u), P*(S, u), 0, %tp*(s, u)2> , (3.7)

with
o ke GpPH(S, 1)
NS ) = G+ P (5. 1) (38)

and the third equilibrium of model QQM is described by the same
general formulation as E{QMB (see Eq. (3.6)). Its explicit expression
however is not given.
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Table 1
Units and definitions of the variable model parameters in mmol N m~3 as well as exemplary parameter set up introduced in Schartau and Oschlies (2003).
Symbol Range Uopt Unit Definition
B [0,1] 0.925 1 Assimilation efficiency of zooplankton
m R+ 0.270 d-! Phytoplankton growth rate
bp R, 0.040 d-! Phytoplankton linear loss rate
fom R4 0.025 d-! Phytoplankton quadratic loss rate
€ Ry 1.600 m® (mmolN)-2d-! Grazing encounter rate
g Ry 1.575 d-! Maximum grazing rate
¢z Ry 0.010 d-! Zooplankton linear loss rate
oS Ry 0.340 m3 (mmolN)-1d-! Zooplankton quadratic loss rate
Ym Ry 0.048 d-! Detritus remineralization rate
kn Ry 0.700 mmolNm—3 Half saturation constant for NO3 uptake
ki R4 Wm-3 Half saturation constant for light

Note that all three equilibria of model LLM are analytically calcu-
lable, while the solutions EZQM3 s E(*lQM2 and Et*zqmg need numerical
methods for computation.

3.2. Quality of equilibria

The quality of an equilibrium solution in terms of its stability
properties determines the way the solution influences the sys-
tems behaviour. While stable solutions are attractive, meaning the
system tends towards this solution, the system drifts away from
unstable solutions. In this section, the quality of the previously
introduced equilibrium solutions subject to critical parameters is
presented. As far as possible analytical calculations are done (cp.
Section 3.1), otherwise numerical methods are used.

3.2.1. Quality analysis of nonlinear systems

There are two main approaches to analyze the quality of non-
linear systems. One is based on the Lyapunov theory, the other one
is based on linearizations. A clear advantage of the Lyapunov the-
ory is its global validity. Statements based on linearizations are in
contrast only locally validated. In practice, however, it is often dif-
ficult to use the former because it requires the creation of so-called
Lyapunov functions, a task, highly challenging for the most realistic
applications and sometimes even impossible. For that reason, the
linearization approach is applied in this study.

Given a differentiable function f : R" — R" and an equilibrium
y', the linearization of a nonlinar autonomous ODE system y’ = f(y)
iny" is given by

Y =Jy*) (b,

where ]f(y*) is the Jacobian of f evaluated at the point y*. This
linearization has locally the same quality properties as the original
nonlinear ODE system (Amann, 1990). For linear systems the qual-
ity of an equilibrium is determined by the eigenvalues A = +i8 of
the governing matrix, in the case of linearizations, by the eigenval-
ues of the matrix ]f(y*). In case all eigenvalues A have negative real
parts, the equilibrium solution y” is called stable. In case the real
part of at least one eigenvalue is positive, the equilibrium solution
y" is called to be unstable. Note that these are global statements
with respect to the linearized system (3.9), but local statements
with respect to the nonlinear system. In case the real part of the
maximum eigenvalue is 0, there are theoretical statements about
the solutions quality for the linearized system, but nothing can be
concluded on its quality in the nonlinear system.

In the following we call a solution y" linearized stable (unstable)
if the solution is stable (unstable) with respect to its linearization.

(3.9)

3.2.2. Quality statements
The quality of equilibrium solution EZLM1 (Eq. (3.1)), which is
the same for all three models, as well as the quality of solution

EZLMZ (Eq. (3.2)) can be analyzed analytically. The other solutions

are too complicated to allow for analytic computations (cp. Section
3.1). In this section, we mostly refer to model LLM, but all results
with respect to solution Ezuwl are equally valid for model LQM and
model QQM because the linearizations in E{LMl are independent of
the underlying ODE System (cp. Jogm in Appendix A).

The linearizations of model LLM are determined by the Jacobian
of Eq. (2.1) with ¢% =0,

UmknP MmN

ST “tWiN ¢z Y
HmknP “mN 2g%€PZ gep?
—p— _
S — (ky + N> kn+N (g +€pP2y g+€P?
= 0 B2g2€PZ pgeP: 5 0
(g + €P2)? grepz ¢
(1 - B)2g%ePz (1 - B)geP?
° Taeey " e 7
Integrating Ei‘LM] in Ji;p provides the constant matrix
HUmS
kny +S ¢Z 14
UmS
- 0 0
Jum(Efpy,) = kn+S ¢r )
0 0 -¢pz O
0 op 0 -y

which has the eigenvalues

kngp — 4mS + ¢P5>

P (3.10)

Am, = (0, —¢z,—V, —
In our models, u > 0 is postulated. Thus, the real parts of the second
and third eigenvalues of Eq. (3.10), A2 and A3, are negative given
any initial mass S and parameter setting u. The fourth eigenvalue,
however, can be positive or negative.

Based on the real part of the maximum eigenvalue, the following
statement can be derived for equilibrium EZLMl .

Proposition 3.1. If wm > ¢p, then Efuvll is locally unstable for all
initial masses S> kngp/(j4m — dp).

As the maximum eigenvalue has zero real part in case A% <0, an

equivalent direct statement on the local stability of solution EZLM1
cannot be deduced. For linear systems, however, an equilibrium
solution is proven to be stable also when the real part of the maxi-
mum eigenvalue equals zero and the multiplicity of this eigenvalue
is one (cp. Amann, 1990). This is true in the present case and we

state the following.

Proposition 3.2. If um < ¢p, then Eﬁml is stable for all initial masses
S with respect to its linearized system.

Criteria for the quality of the other two equilibria cannot be
obtained since the expressions of the respective eigenvalues are too
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Table 2

Classification of the equilibrum solutions for model LLM. Shown are the potentially stable solutions according to our analytical findings. On the left, the constellations given
m > @p are shown (A), on the right for i, < ¢p (B). The combination p, < ¢p and S < kep/(1em — ¢p) results in a contradiction to S>0 and is marked by ‘-’

A B

m > dp S>kepp/(pem — dp) S <kep/(pm — ¢p) m < Pp S>kepp/(jAm — Pp) S<kl(m —¢r)
Bg> ¢z Efin, O Efpy, Ejy, Bg> oz Eiim, -

Bg=¢z Elim, Eim, Bg=¢z Efim, -

nested to support constructive conclusions. However, the eigenval-
ues of the linearization in E;

LLM>
-1 —dp ¢z y

Jum(Efpp,) = v 0 gtV 0

0 0 Bg — bz — By 0

0 ¢p (1-Pig-(1-BY2 —¥y
where
Uy = Y(¢p — m)(knPp + PpS — mS)

knpm(y + ¢p)

and
Yo = g

€y2(S+{kndp /(¢p—pum)))*
2((v/¢p)+1)

g+

are still symbolically computable and as for Ary,, one of these
eigenvalues equals zero (cp. Eq. (3.10)).

3.2.3. Classification

From the analytical expressions detected and presented, explicit
parameter and initial value constellations are derived that decide
on the reaosnability and quality of the equilibrium solutions. For
model LLM, critical parameter constellations are exposed for all
three equilibria Efuwl s EZ‘LMZ and EZLM3 . This enables the introduc-
tion of a classification of the solutions occurrence dependent on
these constellations (see Table 2). On the left, the possible com-
binations with um, > ¢p are posed, on the right the ones including
Um < Pp. As a co-occurrence of um < ¢p and S <kndp/(tm — Pp) is
in contradiction to S> 0, this case is marked by ‘-’

In this classification, all analytical findings are integrated. Espe-
cially Proposition 2, which is a statement with respect to the linear
approximation of model LLM, contributes to the decision whether
EZLMI or one of the other equilibria occurs in some cases (cp.
Table 2, B). Consequently, the classification presented is theoret-
ically founded for the linearized system and not for model LLM
itself (cp. the previous section). Thus, to identify its significance
with respect to model LLM, numerical experiments are conducted.

4. Numerical computations

To identify the stability properties of model LLM, LQM and QQM
and especially, to see how far these properties coincide with the
ones presented above for the linear approximation of model LLM,
numerical computations are done. Since the analytical results indi-
cate the primary importance of the parameters ky, © and ¢p, but
also of the parameters ¢z, 8, g and ¢} for the equilibrium solu-
tions of the models and their stability, we present computations
where some of these parameters are varied. Due to the conformity
of our model formulations with the one presented in Schartau and
Oschlies (2003), the ranges the parameters are varied are around
a parameter setting presented therein (see uqp¢ in Table 1). The
effect of variations in parameters mentioned above but not explic-
itly shown in the following can be easily deduced comparing the
constellations presented in Table 2.

4.1. Coincidence of analytical and numerical computations

To show the significance of the results presented in this section,
the coincidence of equilibrium solutions obtained from numeri-
cal model integrations and analytical calculations is shown at first.
Therefore, the models are numerically solved using a Runge-Kutta
method for 5 model years to reach equilibrium state. Then, the
linearizations in these equilibrium states are determined and the
eigenvalues are numerically computed using the MATLAB built-
in function eig. These eigenvalues are compared with analytically
computed eigenvalues. Those are also obtained by the routine eig,
but for symbolic expressions.

Table 3 shows the real parts « of the analytically computed non-
zero eigenvalues of the linearizations Jim(Erim, ), Jim(Erm,) and
Jim(Erm, ) as well as the eigenvalues real parts of the linearization
Jim(EriMpym ) Where Ejjpr,,.. are the numerically obtained equilib-
rium states. Looking at those, it can be seen that the numerically
computed eigenvalues Ajjpr,,,, always coincide with one of the ana-
lytical eigenvalues Ayy;, i€ 1,2,3. For small values of ¢p, the
numerically based eigenvalues equal the ones calculated for the
analytical solution EZLM3. For values ¢p larger than ¢p~0.811, the
numerical eigenvalues confirm the ones of the analytic lineariza-

tion in E’L*LM2 for a short period, and from values around ¢p~0.815

up to the maximum value of ¢p considered in this study, the numer-
ical based eigenvalues coincide with the ones of the linearization
]LM(EELMl )

For model LQM and model QQM, the coincidence of analytical
- as far as they exist - and numerical computations is checked the
same way.

4.2. Dynamics of model LLM

The classification presented in Table 2 is theoretically based for
the linearizations of model LLM, but not for the nonlinear system
underlying model LLM. Therefore, numerical experiments are con-
ducted to estimate the extent to which the properties stated in this
classification hold for the original nonlinear system.

The equilibria and eigenvalues for model LLM, presented in
Section 3, are computed for given parameter and initial value sett-
ings using the software MATLAB and MUPAD. As long as analytical
expressions exist, this is done symbolically to prevent rounding
errors and to enable the detection of critical values. Otherwise,
equilibria that are numerically computed serve as a base for the
computations. Results are presented for variations of parameter set
Uopt as introduced in Section 4. The variation in ¢p and the variation
in ¢7 are discussed in more detail, while the results with respect
to the variations in (; and ky are only briefly mentioned, because
they do not show new characteristic dynamics.

4.2.1. Variation in ¢p

Fig. 1 shows the results of the variation in ¢p. At the top, the con-
centrations of the states in equilibrium, obtained from numerical
integrations, are illustrated. Below, the real parts of the correspond-
ing maximum eigenvalues A™% are shown. In all three plots, critical
points C(¢p) that are derived from Table 2 are marked by vertical
lines. In particular, the dash-dotted line corresponds to the criti-
cal point C;(¢p) determined by the equation kny¢p/(ttm — Pp) —S=0
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Table 3

Real parts of the non-zero eigenvalues for model LLM for initial mass
S=15mmol Nm~3 and parameter set Uopt, Where parameter ¢p is varied. Aim, , Auim,
and Ay;m, are the analytically calculated eigenvalues, Arimy,, is calculated for the
equilibrium solution obtained solving the model numerically.

®p o
ALimy 0 —0.010000 —0.048000 0.815052
0.2 —0.010000 —0.048000 0.615052
0.8 —0.010000 —0.048000 0.015052
0.81 —0.010000 —0.048000 0.005052
0.812 —0.010000 —0.048000 0.003052
0.814 —0.010000 —0.048000 0.001052
0.816 —0.010000 —0.048000 —0.000948
0.85 —0.010000 —0.048000 —0.034948
0.9 —0.010000 —0.048000 —0.084948
ALLm, 0 1.440529 —18.280441 —0.048000
0.2 1.290550 —1.812290 —0.279708
0.8 0.078265 —0.024595 —0.024595
0.81 0.005526 —0.041739 —0.006581
0.812 —0.003758 —0.044640 —0.003544
0.814 —0.009182 —0.046956 —-0.001105
0.816 —0.009263 —0.048857 0.000909
0.85 1431156 —0.050542 0.002694
0.9 0.977659 —0.026653 —0.026653
ALLM, 0 —0.758001 —-0.021711 —0.048131
0.2 —0.567228 —0.021575 —0.048411
0.8 —0.008174 —0.008174 —0.042657
0.81 —0.043421 —0.004403 —0.000520
0.812 —0.043536 —0.008052 0.005183
0.814 —0.043646 —0.009668 0.008847
0.816 —0.043750 0.011991 —-0.010770
0.85 0.050745 —0.016337 —0.044939
0.9 0.102012 —0.018200 —0.045837
MLMpum 0 —0.758001 —-0.021711 —0.048131
0.2 —0.567228 —0.021575 —0.048411
0.8 —0.008174 —0.008174 —0.042657
0.81 —0.043421 —0.004403 —0.000520
0.812 —0.044640 —0.003544 —0.003758
0.814 —0.001105 —0.046956 —0.009182
0.816 —0.000948 —0.048000 —0.010000
0.85 —0.034948 —0.048000 —-0.010000
0.9 —0.084948 —0.048000 —0.010000

(cp. also Eq. (3.3)). The dashed line corresponds to the critical point
Co(¢pp) at which pm — ¢pp=0(cp. also Eq. (3.2)). A third critical point
C3(¢p)~0.811, marked by a dotted line, is only shown in the bot-
tom plot due to its proximity to C;(¢p). This point is not taken from
Table 2, but is related to the eigenvalues of linearization ]1(E2‘LM2 ).
Due to the high interlacing of those eigenvalues, an explicit expres-
sion of C3(¢p) cannot be given, its analytical calculation however is
possible.

Looking at the top plot of Fig. 1, it can be seen that the equi-
librium state of each variable changes continuously with varying
phytplankton mortality rate ¢p. Not visible in that plot, but notica-
ble in the plot at the bottom, a first change of the solutions quality
occurs at the critcal point C3(¢p). For ¢p < C3(¢p) numerical solu-
tions converge to Ejjy,. From then on, numerical solutions end in
solution Ejp, for a short period and at Cy(¢p), the solutions qual-
ity changes again and EZ‘LM1 is stable for all ¢p > C;(¢pp) as indicated
by our classification. The critical value C,(¢p) is not crucial for the
presented parameter and initial value setting.

Looking at the two bottom plots of Fig. 1, that show the maxi-
mum eigenvalues of the three equilibrium solutions, it is obvious

16 T T T T T T T T

141

[
~N
T
=

=S
o
T

concentration [mnol N m~3)
o
F

Maximum real part a of eigenvalues

SR S A S R P
--o---?--o---?---o--?---o---ré.v--o---e;»--o--?---o--?--o---qi-- 3.
o S S N S NS N N N

0 01 02 03 0.4 05 06 07 0.8

phiP

Maximum real part a of eigenvalues

! : L : : A :

ple s e 55000000289298229 Q:o 00%0000d

0,82 0,83 0,84 0,85 0.85 0.87
phiP

Fig. 1. Concentrations in equilibrium for model LLM (top) and the eigenvalues high-
estreal part of the linearizations J; (EZLM1 )N A (EZLM2 )and]J; (EILM3 )(centre and bottom)

for initial mass S=15 mmol N m~3 and parameter set uy, plotted as functions of the
linear mortality rate of phytoplankton ¢p. Vertical lines mark the critical points
determined in accordance to analytical findings. Concentrations are obtained run-
ning the model for 5 model years. Eigenvalues are symbolically calculated.

that for all linearizations, the maximum eigenvalue A™% is positive
or zero. particularly, always one linearization shows A™% =0, while
the others have at least one eigenvalue A > 0. The latter implies the
instability of the associated solution with respect to the lineari-
zation as well as with respect to the original nonlinear system.
For the former however, nothing can be concluded from the the-
ory. But comparing the two top plots of Fig. 1, it is obvious, that
numerical solutions converge to the equilibrium whose lineariza-
tion has A™% =0 and thus, this solution is stable with respect to the
nonlinear system as well.

4.2.2. Variation in ¢z
The variation in ¢, shows a new characteristic of model
LLM. Some parameter constellations result in periodic solutions,
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N
P
WOH ==z .
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8_ -

concentration [mmol N m-3]

concentration of P resp. D [mmol N m‘al

0 2 4 6 8 10 12
concentration of N resp. Z [mmol N m™]

Fig. 2. Solution of model LLM for initial mass S=15mmol N m~3 and parameter set
Uope With ¢z=0.75. All three equilibria presented in Section 3.1 are unstable and
instead, a stable limit cycle occurs around EZLM3 . The top plot shows the states of N,
p, Z and D over time, the bottom plot shows the phase curves N vs. p and Z vs. D.

so-called limit cycles. An example, a limit-cycle with period 2, is
shown in Fig. 2, obtained for S=15 mmol N m~3 and Uopt With
¢7=0.75. The upper plot shows the periodic behaviour over time,
the lower plot shows the corresponding phase curves N vs. p and Z
vs. D.

The whole variation in ¢y is illustrated in Fig. 3, which is similar
to Fig. 1. While the top plot illustrates the equilibrium solutions,
the bottom plot shows the real parts of the maximum eigenvalues
of the respective linearizations in Eyy,, i=1, 2, 3, but here as func-
tions of ¢. Looking at the bottom plot, it can be seen, that for ¢,
in contrast to the variation previously discussed, a domain D¢y,
exists where all three linearizations have an eigenvalue with a pos-
itive real part «. This means that all three equilibria are unstable as
¢z € D¢ycle, Which especially holds for both, the linearizations and
model LLM and that results in the above mentioned limit cycles. In
the upper plot, lines depict the equilibrium states in the range of
¢z ¢ Deycle, where numerical solutions converge to these states. In
the range the model does not converge to one of the equilibrium
solutions presented in Section 3.1, crosses mark analytically com-
puted solutions of Ejjp, because the arising limit cycles oscillate
around this equilibrium (cp. Fig. 2).

The critical points, on the one hand the value of ¢, where
equilibrium Ejjy, becomes unstable and the model solution
starts to oscillate around Ep;y, and on the other hand, the point
where the limit cycle breaks down and solution Ej;y, becomes
stable again, are not exactly determinable. These critical points

depend solely on the eigenvalues of linearization J; (EZLM3 ), whose
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Fig. 3. Concentrations in equilibrium for model LLM (top) and the eigenvalues high-
est real part of the linearizations J; (EZLM] )1 (Ei‘LM2 )and J; (EZ‘LM3 (bottom) for initial
mass S=15mmolNm~3 and parameter set u,, plotted as functions of the linear
mortality rate of zooplankton ¢;. Vertical lines mark the critical points determined
in accordance to analytical findings. Crosses in the top plot mark analytically deter-
mined equilibrium solutions in the range no equilibrium is stable. Lines depict the
range numerical equilibrium solutions are obtained after 5 model years. Eigenvalues
are symbolically calculated.

symbolic expressions are not detectable. Two other critical points
are explicit detectable, namely C;(¢;), marked by a dashed line
in Fig. 3 and resulting from the equality ¢z — Bg=0 (cp. Eq. (3.5))
and C(¢z) which arises from one of the eigenvalues App, (cp.
variation in ¢p) and which is marked by a solid line in Fig. 3. While
in the present example C;(¢7) has no effect on the solution of
model LLM, a quality shift from solution Ejjp, to solution Eppyy,
occurs at Cy(¢z)~ 1.4357 (cp. Fig. 3). The maximum eigenvalue of
ArLm, is constant because these eigenvalues are not effected by ¢.

4.2.3. Variations in ky and jtm

Parameter variations of ugp¢ in ky and pum show similar results
as presented for ¢p. A variation in ky does not lead to a quality
change of the three solutions. Using uop:, Er1m, is stable up to very
high values of k (k>100). Variations in w; show that equilibrium
Eszl is stable for very small values of t, while from C; (1) ~ 0.042,
derived from the equation kn¢p/(j4m — ¢p) — S=0, equilibrium Ey,
is stable.

Given any situation, the results of numerical experiments for
model LLM are in accordance with the classification introduced
in Table 2. This is also true when using other parameter settings
as a base and thus, it is indicated that the classification holds for
the non-linear system (2.1). The numerical investigations showed
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Fig. 4. Concentrations in equilibrium for model LQM for an initial mass
S=15mmolNm~3 and parameter set oy, plotted as a function of the linear mor-
tality rate of phytoplankton ¢p (top) and as function of the linear mortality rate of
zooplankton ¢ (bottom). Vertical lines mark the critical values C(¢p) and C(¢z) in
accordance to Fig. 1. Equilibria are obtained running the model for 5 model years.

additionally that limit cycles can occur around solution E{LM3, a
feature that is analytically not detectable.

4.3. Dynamics of model LQM and model QQM

For model LQM and model QQM we have less analytical results
than for model LLM. In particular, we do not have explicit solu-
tions for the equilibrium solutions EZQM3, Et*lQMz and EaQMg' But the
analytical results presented for model LLM are appropriate to be
used as a base for the investigation of the dynamics of model LQM.
That is because the models differ only in a term that includes the
state of Z and it holds Z=0 in two of the three reasonable equilib-
ria. Model QQM is not that related to model LLM, but nevertheless,
the analytical results obtained for model LLM are used as a base for
numerical investigations for model QQM. Results are again illustra-
tively shown for parameter set uop: and initial mass S=15 mmol N
m3,

4.3.1. Model LQM

The first two equilibrium solutions of model LQM, solutions
E’L“QM1 and E{QMZ ,are equal to the ones of model LLM. By implication,
the corresponding linearizations and the associated eigenvalues
coincide and thus, respective results presented for model LLM hold
also for model LQM.

Fig. 4 shows the equilibria to which numerical solutions of
model LQM converges to, at the top for varied parameter ¢p, at
the bottom for varied parameter ¢;. Notations and critcal val-
ues are as in Figs. 1 and 3, respectively. Caused by the lack of an
analytic expression for solution EZQM3. symbolic computations of
the associated eigenvalues are not possible. The other eigenvalues

coincide with the ones for model LLM as mentioned (see
Figs. 1 and 3).

Looking at the top plots in Figs. 1 and 4, it is clear that the stable
domains of the respective equilibria with respect to the parameter
¢p are the same for both models. This means in particular that the
critical points, where the quality of the solutions change, are the
same. A first stability shift, from EZ‘QM3 to E¥ occurs at C3(¢p). A

LQM,’
second shift happens at C;(¢p) and EZQM] is gtai)le for all ¢pp > C1(¢pp)
(cp. Section 4.2).

The variation in ¢; also shows similarities of the solutions sta-
bility for both models. Looking at the bottom plot in Fig. 4, a quality
shift from solution E; gy, to solution Ejqpy, is observed at the critical
point Cy(¢7z), which is observed for model LLM as well (cp. Fig. 3).
However, in contrast to model LLM, limit cycles do not appear in
model LQM.

Similar to model LLM, variations in @, and ky do not show
remarkable new characteristics of the solutions. Furthermore, the
stable ranges of the individual solutions coincide again for model
LLM and model LQM. The co-existence solution is stable for all sett-
ings of ky and the variation in w;, shows that equilibrium E;_*QM1 is
stable for very small values of um, while equilibrium Ej gy, is stable
for values pm > Ci(m)~ 0.042.

The described observations can be explained as follows: On the
one hand, the similarities are explained by the fact that the first two
equilibria of the two models are equally defined. Thus, the third
equilibrium is related to the quality of the other two equilibria
which especially explains the simultaneous quality shifts of both
models. On the other hand, the two models can differ in features
that are independent of the first two solutions, because solution
E% is specific for each model. This concerns for example the occur-
rence of limit cycles. While for model LLM there is a range of ¢,
where limit cycles occur, for model LQM limit cycles do not occur
in the same situation. However, one can see that the classification
presented for model LLM in Table 2 holds for model LQM as well.

4.3.2. Model QQM

The model QQM underlying formulation differs from the one
of model LLM and LQM. Thus, it is not clear whether the classi-
fication presented in Table 2 is relevant for model QQM as well.
However, since the first equilibrium of model QQM coincides the
one of the other two models and further, the respective formula-
tions differ just slightly (cp. Egs. (2.1) and (2.2)), it is expected that
model QQM shows some similar dynamical behaviour. To see to
what extent model QQM resembles the dynamics of the other two
models, comperative numerical experiments are conducted.

Fig. 5 shows the equilibrium solutions of model QQM, for vary-
ing ¢p at the top and varying ¢, at the bottom. Comparing these
two plots with the plots in Fig. 4, it is conspicuous that the solu-
tions of model LQM and model QQM are similar for large parameter
ranges of ¢p and ¢. Especially, the stability domains of the individ-
ual equilibria seem to agree for both models. Considering, e.g., the
variation in ¢p, there are similar stability shifts from EEQM3 to EaQMz
and from EEQMZ to Et*lQM1 as observed for the other two models. The
only difference is that the former shift does not occur at the critical
point C3(¢p), introduced for model LLM, but at a point nearby. The
critical value C3(¢pp) isrelated to the eigenvalues arising from linear-
ization ]1(EZLM2) which do not agree with the ones osz(EaQM2 ). A
slight shift of the critical value from C3(¢p) to C5(¢p)~0.8128 is the
result.

The detected critical values with respect to ky and wn, are
obtained from Eq. (3.10). Thus they are valid for model QQM as
well and experiments for ky and w;, consequently show that the
stability domains of the equilibria coincide with the ones for model
LQM while varying these parameters. Further critical values, that
could cause nevertheless a quality change, seem not to exist, at least
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Fig. 5. As Fig. 4 for model QQM. The vertical lines mark the critical values C(¢p) and
C(¢z), respectively, that are detectable for model QQM.

not when using the parameter setting uop;. Finally, the variation in
the for model QQM specific parameter ¢} does not show a specific
dynamical behaviour.or stability shifts. Independent of ¢}, solution
EEQM3 is stable.

Thus, the biggest difference between model LQM and model
QQM seems not to be in the stability ranges, but more in the respec-
tive solutions. As shown in Heinle and Slawig (2013) for variable
initial masses, the individual solutions of model LQM and model
QQM here also show interesting similarities and differences in the
distribution of the individual tracer quantities. E.g., looking at the
bottom plots of Figs. 4 and 5, both models converge to their co-
existence equilibrium for a wide range of ¢,. For around ¢7 € (0, 1),
the solutions are even similar in their respective quality and quan-
tities. For ¢z > 1, the discrepancy between the solutions increases.
The co-existence solution of each model converges continuously to
the respective second equilibrium and, at least for parameter set
Uopt, those two solutions differ significantly. While in model LQM
the state of P exceeds the state of D, in model QQM it is the other
way around. For varying um, and ky the solutions of the two models
differ only slightly.

5. Summary

Knowing the basic dynamics of a model it is possible to confi-
dently decide whether amodelis appropriate for a target purpose or
not. In this paper a theoretically based method is presented to iden-
tify the possible dynamics of a model, which is exemplary shown
for three typical, hierarchical structured formulations of NPZD type
models.

For the simplest model formulation a classification of its dynam-
ics depending on crucial parameter and initial value constellations
could be introduced. This classification is theoretically based on
analytical computations of the equilibria of the model as well as
on a stability analysis of those using the linearization approach.
As one eigenvalue of these linearizations is constantly 0, the abso-
lute validity of the classification for the model itself is not given.
To identify its reasonability for the actual nonlinear model, model
LLM, as well as to examine its signifiance for the other two related
model formulations, model LQM and QQM, numerical methods are
applied.

The analytical computations for model LLM indicate the main
significance of the parameters ¢p, (m, knB, g and ¢ for its dynam-
ics. Those determine whether an equilibrium is reasonable and
stable, and thus significant for the model solution and its dynam-
ics. In accordance to our analytical findings, numerical experiments
are performed for variations of the mentioned parameters which
show that the classification holds for the nonlinear model. Further-
more, the experiments revealed that limit cycles can appear for
model LLM. This explains the feature of periodic oscillations that
sometimes occur applying the model. Explicit conditions for their
appearance, however, cannot be given since this feature is related
to the quality of the co-existence equilibrium, which is analytically
not examinable.

Numerical experiments with respect to the other two model for-
mulations, model LQM and QQM, showed that (1) the classification
presented for model LLM is true for model LQM as well; (2) model
LQM and model QQM do not show limit cycles; (3) the difference
of the model formulations do not result in significant differences
of the stability ranges of the individual equilibrium solutions,
but in quantitative differences between the model solutions; and
(4) the dynamics of model LQM and model QQM differ only
slightly.

6. Conclusions

Our study shows that the theoretical analyze of a simplified
model is extremely worthwhile when the original model seems
to be too complex for such an analytical approach. Statements
obtained for the simplified model can be also used as theo-
retical base for numerical investigations of the more complex
model. Furthermore, the results of our study show that differ-
ences in the model formulation, especially complications, do not
necessarily imply completely different dynamics of the respective
solutions. Thus, determining the dynamics of different model for-
mulations helps to prudently detect a formulation matching the
system to be simulated, and in particular, to find the simplest one
of those.

The method presented in this study is easily transferable to other
models, which is not restricted to marine ecosystem models. A con-
fident application of a model is ensured in almost every domain
knowing the dynamics of the model and their dependence on the
formulation and parameters included.

Appendix A.

Al

The expressions for the equilibrium states of nutrients, zoo-
plankton and detritus in solution EZLM3 are

N3(S, 1) = —[01 — ((B1 + Ymkndz — Ym$2S: + AVmkndz(YmbzS — Ym0 + Bympba — Bbrdzpy))” + Yimkndz — ymbzS]-[2ymepz] ™,
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p (¢,, bz 1 [2ymez (k- 525 )] _1) P
Z3(S,u) =

é ’
-1
<,3¢P +[m(B —1)62]- [2)/m¢z (k - 2y?nz¢z)} ) &
D3(S,u)=
Ym
where

01 = P3(Ym@z + dziim — Bym®p + BYmirm + Bopdz — Pdzim),

02 = 03 + Ymz(kn — S) — (63 + Ymknoz — Ym¢zS)*
+4Ymkndz(Ym®zS — Ym$zP; + BYmdpP; — BbpdzP)'2,

03 = P5 - (Yym®z + dziim — Bym®p + BYmitm + Bopdz — Bz iim).

A2

The Jacobian of ODE system (2.1) for model LQM is given by

*—MmkNP - #mN ¢z ¥Ym
(ky + N)2 kny +N
wmkyP mN 2g2epz gep? 0
—¢p - 5
Tong = (ky +N)? kv +N (g +ep?)’ g+€P?
LoM = B2g%€ePZ Bgep? .
0 e =2 —¢7-245Z 0O
(g+EP2)2 g+€p?
— 2 _ 2
0 (1- B)2g%ePz . (1-Pger? | 257 —ym
(g +€P2)? g+ €P?

A3.

The Jacobian of ODE system (2.2) is given by

mknP umN
T ¢P - ¢Z Vi
(ky +NY kn +N , , "
UmknP MmN . 2g%*€PZ g€eP
(ky +N)? N PP ep2)? T g+ ep? 0
Joom = Nt 2 (& +€P?) 2
0 _Pgrez PgeP” b1-2¢2Z 0
(g +€P2y g+€pP? z
1- B)2g2%ePz 1- €P?
0 (1= Pleg’ebz ( b gz)z +243P Q- Pleer” gfiz 2657 —¥m
g +€p
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